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The oscillation of a bubble has many vibrational modes, contributing to different portions
in acoustic scattering. Without approximations a priori, an hydrodynamic approach is
applied to investigate acoustic scattering by a bubble in water, taking into account the heat
exchange and viscosity. The scattering function is derived for a wide range of frequencies.
Examples are shown to illustrate the thermal and viscous effects on sound scattering.
Comparison is made with three existing models. While these models are known not to be
applicable for high frequencies, it is shown here that even in the low-frequency region, there
are also noticeable discrepancies between the exact solution and the three existing models
with regard to the scattering properties such as the scattering cross-section, and the quality
factor of resonant peaks. By numerical simulation, we claim that the discrepancies may be
due to the incomplete consideration of the thermal exchange process in the previous models.
The approach presented here is valid for any other fluid enclosure in liquids.

© 2002 Elsevier Science Ltd.

1. INTRODUCTION

Acoustic scattering by a spherical air bubble in liquids has been studied intensively over the
past years, as it plays a significant role in a variety of situations of great interest, such as
wave propagation in upper ocean surfaces, generation of ambient noise in the ocean, and
modelling sound scattering by fish [1-11]. When a bubble is much smaller than the
wavelength, the acoustic scattering is dominated by the pulsating mode, and the scattering
function can be approximated as isotropic and is given by [9]

R,

@A@Y — 1 = 2(Bs + Po + Bl M
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where Ry, is the bubble radius at equilibrium, w, is the effective natural frequency of bubble
vibration, w is the driving frequency, and f3,, f3,,, f; refer to the damping constants due to the
acoustic radiation, viscous, and thermal effects respectively.

In the early works, the thermal and viscous effects were neglected [8, 9]. Later, it was
recognized that the sound attenuation due to bubbles in water is very important and the
attenuation is contributed significantly by the thermal and viscous effects. This stimulated
extensive studies of the energy dissipation by bubbles [2, 4-7]. The main approximations in
the previous research are as follows. (1) Only pulsatory vibration of the bubble is
considered. (2) The pressure is assumed to be uniform inside the bubble, i.e., the inertia of
the gas is negligible. (3) The temperature of the bubble wall remains unchanged during
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pulsation, i.e., the thermal conductivity and heat capacity of the surrounding liquids are
assumed to be infinite. These approximations were necessary perhaps because of the
following reasons. First, it had been difficult to include thermal and viscous effects in higher
order modes. Second, the complexity involved in the dynamics of the gas-liquid interaction
made it almost impossible to express the results in an explicit form. Third, in most practical
cases, higher order modes are negligible. Due to these limitations, the formula expressed in
equation (1) has been restricted to low-frequency acoustic scattering.

From the scientific point of view, however, the understanding of the problem is never
complete. The parametric validity of the presumptions made in previous works has not yet
been justified by an exact approach. Because of this, an exact solution for the bubble
scattering, incorporating all damping effects in all vibrational modes, is highly desirable.
Not only that, the recent research has showed that in a number of applications such as
Albunex bubbles [12], higher order modes do show some significance, particularly for not
too low frequencies. Furthermore, an exact solution can serve as a building block in the
study of more complicated situations. With the progress of modern experimental techniques
for manipulating a single bubble, the accurate reexamination of the problem of acoustic
scattering by a bubble becomes possible. All these motivated us to study the problem
further. Unlike previous approaches, we will not make any approximation a priori; instead
we attempt to solve the problem rigorously.

In this paper, the principles of fluid mechanics are used to derive a complete set of
equations which determines the acoustic scattering by a single gas-filled bubble in water.
The formulation is exact and valid for any frequency and takes into account the thermal
and viscous effects in all vibrational modes. For the special case of low-frequency scattering,
numerical results are compared with three existing models, namely, Devin’s model [4] and
two models from references [2, 3]. The organization of the paper is as follows. In section 2,
we derive the exact solution, then briefly review and summarize different approaches and
results. In section 3, some numerical comparison is shown. The paper is concluded by a brief
summary in section 4.

2. THEORIES

In this section, we first present the exact approach. Then the key concepts and
approximations in three previous models will be briefly reviewed. To make a direct
comparison, we re-arrange the physical quantities in the three models in terms of the
definitions and notations in the present work.

2.1. EXACT THEORY

The sound scattering by a fluid object can be studied rigorously from the fluid mechanics.
We follow the approach in references [13, 14] to derive an exact formula for the scattering
function of a bubble in boundless liquids incorporating the thermal and viscous damping
effects. In the long-wavelength limit, we cast the formula in a form similar to equation (1),
from which the damping constants and the effective natural frequency are identified.

As the bubbly liquid consists of both gas and liquid phases, the conservation laws,
including momentum, mass and energy conservation, should be satisfied in the two phases
separately. The momentum conservation is given by [14]

d(pvy) aHik_
51? 5xk N

0, (2
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where p is the fluid density. In the above, I1;, = pvv, — o is momentum flux density tensor.
The term pvv, is from mass transfer and oy, is the stress tensor including both shear and
normal stresses given by

avi 5vk 2 51)1 > (3)

. = — 1) ——20:
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where v is the fluid velocity, p is the pressure, y is the shear viscosity, and a summation over
repeated indices is implied. The conservation law of mass is described by

dp | d(pv)
- =0. 4
ar T ox, @
The heat energy transfer is governed by [14]
ds 0s ov; 0 oT
T2 +v,— | = (o, i =
p <a il ax,-> (0 + PO o + o, <K ax,->’ (5)

where T is the absolute temperature, s is the specific entropy, « is the thermal conductivity.
Equation (5) states that the heat gain or loss in a unit fluid volume, i.c., the term on the
left-hand side, results from the viscosity and thermal exchange represented by the two terms
on the right-hand side. Equations (2), (4), and (5) contain five scalar components with seven
unknown quantities (p,s, T,v,p). To solve for these quantities, two additional
thermodynamic relations determining the state of the fluid must be invoked [15]:

dp = (y/c*)dp — (ap)dT, (6)
and
ds = (¢,/T)dT — (2/p)dp, (7)

where 7 is the ratio of specific heats, c is the adiabatic sound speed, c,, is the specific heat at
constant pressure, and « is the volume thermal expansion coefficient of the fluid defined as

2= — (1/p)(0p/0T),.
For an incident wave of small amplitude, we can linearize the above equations by writing

P = Po + p(l)a S =So + S(l)’ P =DPo + p(l)a T = TO + T(l)a (8)
and for the initially static fluid
v =v, 9)

where the quantities with subscript “0” refer to the physical quantities at equilibrium and
those with superscript “(1)” denote the perturbed physical quantities. Substituting equations
(8) and (9) with equations (6) and (7) into equations (2)—(5), the linearized expressions are
derived as

oviH Ho
el VM + o VAV + 3 V(V-vh), (10)

ap(l) C%PO 8T(1) (1)
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and

1oTW Ty op'
perw o~ Lo (12)
Lo Ot Ko Ot

where j, is the thermal diffusivity defined as xo/poc,o-
The velocity field can be further decomposed into a compressional scalar potential and
a rotational vector potential as

VD = P 4 ), (13)

With an harmonic incident wave of angular frequency w, equations (10)—(13) become

) 1 —
(V2 + o = 2% (g2 4 gy = ﬂ el (14)

B3 %oXoYo

where
R )

Yo io(yo + f3—1) . 4opeyo
L T A Bt T , 15
P C%ﬁ3 b ZoB370 b 3/000(2) (15)

and the Helmholtz equation for the velocity vector potential y* is
(V2 + k) =0, (16)

where k3 = (1 + 1)/9, 18 the viscous wave number, and 6, = /2po/(pow) is the penetration
depth of the viscous wave. In the above derivation, the common time factor e ~i** has been
dropped.

To solve equation (14), the normal mode analysis commonly used in solving coupled
oscillator problems in classical mechanics should be employed. We seek the solutions in the
form

9 = AL, T = Bf, (17)
where f; is the Laplacian eigenfunction corresponding to the eigenvalue 1, that is,
V2, = tf.. (18)

Substituting equation (17) into equation (14), the eigenvalue problem can be solved as

_ ! + oAb
Ty,2 = 2(ﬁ1+ﬁ2)|:1+\/1 Xo)’o(ﬂ1+ﬁ2)2:|’

i
B, :ﬁ(fl,z + B1,2) A1, (19)
oo

In addition, the axisymmetric solution to equation (18) in the spherical co-ordinates can
be written as

frl,, = Sn(klr)Pn (COS H)a

fo., = Sulkar) Py(cos0), n=0,1,2,..., (20
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where S, is a spherical cylindrical function of order n, P, is the Legendre polynomial of
degree n, ki , = — 74 5, and r, 0 are co-ordinates of the spherical co-ordinate system (r, 0, ¢)
whose origin is at the center of the bubble and the z- axis lies in the propagation direction of
the incident wave.

By equations (19) and (20), the general solutions to the scalar velocity and temperature
fields in equation (14) are derived as follows. The velocity scalar potential field is given by

o0

D = Y [A1,Su(ksr) + Az,S,(kar)] Pu(cos 0), (21)

n=0

and the temperature field is written as

70 = B3 5 8 Z 1) ASu ) + (Br — ) AnuSullar)] Palcos ), (22)

oo ,=o

where A,, and A4,, are unknown coefficients to be determined.

As for the solution to equation (16), we can solve it with the following physical
considerations. As the system is axisymmetric, the magnitude of the vector function y*)
must be independent of azimuthal angle ¢, and the vector itself points to the azimuthal
direction. Therefore, the solution to equation (16) is given by

Y =2, ¥ C,S,(ksr)Py(cos ), (23)
n=1

where ¢, is the azimuthal unit vector of the spherical co-ordinate system, P, is the
associated Legendre polynomial of the first order and degree n, and C, is an unknown
coefficient to be determined.

From equations (21)—«(23), we notice that three kinds of waves are involved in the
problem. The wavenumbers k, k, and k5 correspond to the compressional, thermal and
viscous waves respectively. To clarify this, we consider the case where the heat conduction is
very small. In this case, the thermal characteristic length scale must be much shorter than
the compressional length scale, that is, | f; |« |8, ]. In this limit, with equations (15) and (19),
k, becomes k. = w/(co\/ﬁj) and k, becomes k,, = (1 + 1)/d,, where 0, = \/2y0/® is the
penetration depth of the thermal sound wave. Judging from the forms of k. and k,., we
know that the former is the wavenumber of sound waves in a fluid; this sound wave is due to
the compressibility of the fluid. The latter is the wavenumber of the so-called thermal sound
wave. It is known that the thermal sound wave decays more rapidly along the path through
the fluid than the compressional sound wave. Therefore, for the usual case that the bubble is
placed far away from the acoustic source, the thermal wave incidence caused by thermal
conduction from the acoustic source can be neglected. From equations (21)-(23), the choice
of S, depends on the physical conditions. Inside the bubble, the spherical Bessel function of
first kind j, is chosen to avoid divergence, whereas the spherical Hankel function of first
kind A" is chosen for the scattered waves outside the bubble. In this way, the scalar
potential for the plane incident wave can be written as

¢ = 3 Ayjulkir) Py(cos 0), (24)
n=0

where

A, = &i"(2n + 1), (25)
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in which ¢ is the wave amplitude. The incident temperature field is given from equation (22):

1ﬁ3(ﬁ1 i

TV = A, jn(kqr)P,(cos 0).

Outside the bubble, the scattering scalar potential from equation (21) is

P& = Z Ay Loy, (kyr) + 0p,h (kor)] Py(cos 6),

and the scattering vector potential from equation (23) is derived as

0

W= Z o3n A, hSV (ksr) PL(cos 0),

and the scattering temperature field is obtained from equation (22) as

T = P55 4 1By = KDana b k) + (By — K2)etauh (kar)] Py(cos O).

%0 n=0

Similarly, for the bubble interior, the scalar potential is written as

¢V =3 A, [8y,ju(kyr) + Gapjulkyr)] Pa(cos 0),

n=0

the velocity vector potential field is given by

=&, z AWV (k5r) P (cos 0),
the temperature field is given by
Fa _ s 5
wd

where the tilde denotes the bubble interior.

Y ARy — kD)ay hO(kyr) + (By — k3)35,h0 (k)] P(cos 0),
0n=0

(26)

(27)

(28)

(29)

(30)

1)

(32)

To determine the unknown coefficients o; , 3 and &; , 3 in equations (27)—~(32), we invoke
the usual boundary conditions that the velocity, stress, temperature and heat flux are

continuous across the bubble surface. These conditions are expressed as
0 =g, = 5" =,
vgl)|r=R0 = 5é1)|r=R09

(o} — Py — Polli=r, = (65 — PO:”r:Ro;

th(})|r=R0 - 51‘0 |r=R07

TO, g, =TV, g,

oTW _oTw
|:K0 ar :|V—R0:|:K0 6r :||"—R0’

and

(33)
(34)
(35)
(36)
(37)

(38)
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where R, is the equilibrium bubble radius, ¢!}’ and ¢!} are stress tensors in the spherical

co-ordinates, Py, is the Laplace pressure due to surface tension, P, is the hydrostatic pressure
in the surrounding liquid, and P, is the equilibrium gas pressure inside the bubble. As
mentioned in reference [16], equations (35) and (36) are not convenient to use. To proceed
further, we rewrite them in the following forms:

_ 2Ro(1 — pto/jio) 1 0 . .
@ _Po gy y 2200 T Hollto) 5 ) 1 9 iging
L N "t o ae 0
= (Py — Py + Py)/(iwpo) atr =Ry, (39)
and
~ 2Ry(1 — 1 )
g — 2o g o 2Rl Bolflo) (00 ) g ay = Ry, (40)
Po X3 00

where ¥ and iV are the magnitude of vector potential Y- ¢, and Y- é,, respectively,
and the dimensionless number X5 is given as X3 = kia.
The perturbed surface of the bubble is represented as

R(0,t) = Ro[1 + X (0, 1)], 41)

where we can expand X (0,1) as

X(0,0)=e" Y X,P,(cos0). (42)
=0

n

One can derive the expression for Py, as

Py =0Ry*[2Ry + e 'Ry Y. (n— 1)(n + 2) X,P,(cos 0)], (43)

n=0

where o is the surface tension. In addition, at the gas-liquid interface of the bubble, the
radial velocity on either side of the bubble equals the velocity of the surface. Subsequently,

OR(0, 1) aX (0, 1)

ot = Ro ot (44)

~(1) —
Uy |r:R0 -

Therefore, substituting ¢, in equations (30) and (31) into equation (44), one can get the
expression

iAn ~ o~ v~ ~ o~ oo~ ~ . s~
X, = WR2 [X 161 ju(X1) + X282, ju(X2) + n(n + 1)d3, ju(X3)], (45)
0

where the symbol j, refers to the first derivative of the spherical Bessel function of first
kind. Substituting the modal series solutions into the above boundary conditions, six
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independent equations are obtained and can be cast into the following matrix form:

Ty Tiva Tis Tia Tis Tis 231 M,
Ty Ty Thy Toy Tys Tae %2 M,
T51 Tz Tis Tsa Tss T %3 _ M, . (46)
Tow Tay Tas Taa Tas Tae oy M,
Tsy Tsy Tsy Tsa Tss Tse %2 M;
To1r Tez Tez Tea Tes Ties o3 Ms

The detailed expressions for the matrix elements are given in Appendix A. Because all the
elements in matrices T and M are known, the unknowns o, , 3, and &, , 3 are completely
determined. Then we can compute the scattering function and cross-section for all modes.
First, the incident scalar potential for the plane wave is expanded as

0

PP = eetF = ¢ Z i"(2n + 1) j,(k.r) P,(cos 6), 47)

where ¢ is the incident wave amplitude. In the far field, the contribution of the scattering
wave from thermal sound wave part is negligible, therefore, |k,r|> |k r|> 1. Applying the
asymptotic form for the spherical Hankel of first kind at |kyr|>1,

ikr
O (eyr) ~ (— iy S—

klr (48)

to equation (27) and ignoring the contribution from A" (k,r) for the reason given above, the
scattering wave is derived as

efbr = —i(2n + 1oy, P,(cos 0
= 1

Thus, the scattering function is derived as

3 o0

fsz;

kl n=0

(2n + 1)aq, Py(cos ), (50)

and the total scattering cross-section is (see Appendix B)

(2n + Doy,l?

|x1|2

(51)

For acoustic scattering by a bubble, equations (46), (50), and (51) present the complete
solutions which incorporate the radiative, thermal, viscous, and surface tension effects on all
modes for any frequency.

To compare the existing models which only considered the lowest vibrational mode, we
consider the long-wavelength limit in the following. Under this condition, the pulsating
mode n = 0 dominates, and the scattering function and cross-section are derived by keeping
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the n = 0 term in equations (50) and (51), respectively:

— 1o
fo=—7 (52)
1
4R oty |2
O = M (53)
[x1]

To derive the effective natural frequency and the damping constant, we cast equation (52)
into a form similar to equation (1) and obtain

w5 = @®(1 + RoRe[ f5 '), (54)

and

1
Br=PBa+ Po+Pi=— 3 oRoIm[ fo '], (55)

where Re[-] indicates the real part and Im[-] the imaginary part. Later we numerically
compute each damping constant (radiative, viscous, and thermal damping) by turning off
the other contributions.

2.2. DEVIN’S MODEL

The study of Devin [4] is a benchmark on the damping mechanisms of a pulsating
bubble. He gave a rather concise review on the damping mechanism and on experimental
methods determining the damping effects at resonance. The damping constants and natural
frequency are analytically derived at resonance under several approximations. Specifically,
in derivation of the thermal damping constant, Devin used the following main
approximations. (1) Inside the bubble, both the density and pressure are assumed uniform
(the inertia of gas are neglected) while keeping temperature inhomogeneous inside the
bubble. (2) The temperature is constant at the gas-liquid interface (infinite thermal
conductivity for the ambient liquid). Eller [5] further generalized Devin’s arguments to
examine the damping of a bubble driven both at resonance and away from resonance. Clay
and Medwin recollected the results obtained by Eller in reference [1]. The derived results
are summarized in Appendix C.

2.3. PROSPERETTI'S MODELS

2.3.1. Model 1

In 1976, Prosperetti proposed a model on thermal effects and damping mechanisms in the
forced oscillation of a gas bubble [2]. The author aimed at giving a straightforward
approach and presented the results in analytically accessible forms. The complicated
thermal interaction of the bubble with surrounding liquid was simplified by the polytropic
equation of state for gas inside the bubble. The polytropic equation of state reads

P = Py(Ro/R)** — 4y, R/R, (56)
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TABLE 1

Summary of different models

Models Devin [1, 4, 5] Prosperetti I [2] Prosperetti II [3] Exact

®?*R, ®?*R, w?R,
a tion (55

B e e N equation (55)
2 2 2

Bo Iloz ,Lt02 'uoz equation (55)
PoRb PoRG PoRG

i equation (62)  equation (63) equation (66) equation (55)

Approximations made

Modes considered Pulsatory Pulsatory Pulsatory All modes

Pressure inside the bubble Uniform Non-uniform Uniform Non-uniform

Bubble surface temperature Fixed Fixed Fixed Changable

Equation of state for gas Ideal Polytropic Polytropic Ideal

where P is the instantaneous pressure of the gas inside the bubble, R is the instantaneous
bubble radius, g, is the effective viscosity caused by thermal dissipation, and « is the effective
polytropic exponent ranging from 1, representing an isothermal process, to J, for the
adiabatic process. It is shown that both the effective polytropic exponent and thermal
damping constant depend on the driving frequency of incident pressure wave. The derived
formulas are collected in Appendix C.

2.3.2. Model 11

Later, Prosperetti et al. published another paper on the non-linear bubble dynamics [3].
After a careful order of magnitude analysis, the authors made the following assumptions. (1)
The pressure is spatially uniform inside the bubble. (2) The bubble wall temperature remains
unperturbed. Then, in the limit of small amplitude, they linearized the governing
hydrodynamic equations. The results are also summarized in Appendix C.

2.4. SUMMARY OF DIFFERENT MODELS

For the sake of the reader’s convenience, we summarize the different models in Table 1.

3. COMPARISON AND NUMERICAL RESULTS

We now proceed to compare numerical results for the different models. We use the
following convention: “Devin” refers to Delvin’s model, “Prosperetti I” refers to
Prosperetti’s first model, “Prosperetti I1” refers to Prosperetti et al.’s second model, and the
abbreviation “Exact” refers to the present theory.

First, the frequency response of the scattering cross-section, damping constant, and
effective natural frequency are compared for different bubble sizes with particular attention
paid to the thermal damping because of its importance in the energy dissipation. Then we
examine the scattering properties at resonance for various bubble sizes. In the present
theory, the normalized scattering cross-section is numerically obtained from equation (51),
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while the cross-section from other models can be equivalently written in the form
o, = 4nR{w*/[w§ — w?)* + 4pFw?], (57)

with 1 and w, being given above respectively. In this section, we discuss the special case of
an air bubble in water. The parameters used for water at room temperature and one
atmosphere are:

Py = 1:01 x 10° N/m?, T, = 298 K, po = 1000 kg/m?, ko = 0-58 J/(sm K), po = 1073 Pas,
C,.0 =4000J/kg K, yo = 1:007, 0 = 21 x 107* K™, ¢o = 1485 m/s.
For air,
Ko = 0-034 J/(msK), fio = 1:8 x 1075 Pas, C, o = 1000 J/kgK,
Jo =140, 4o =33x10" 3K}, M =289 x 10" kg,
and the surface tension for air-water interface,
o = 0073 kg/s>.

Moreover, the adiabatic sound speed and air density inside the bubble are determined from
the ideal gas equation of state as

. PoM ToPo
= = 58
Po RgTo, Co p~0 5 ( )
with
ﬁo = P() + —

In Figure 1, the plots for the reduced scattering cross-section versus frequency in the
Rayleigh scattering and geometric regimes are shown for the case of bubble radius
Ry = 10 um respectively. From these figures, we observe the following. In low-frequency
limit (i.e., Rayleigh regime), we observed that all the models and ours satisfied the Rayleigh
scattering relation (o, oc w*). However, Devin’s model is only qualitatively correct and
predicts a much smaller scattering cross-section.

At the high-frequency end (i.e., geometric regime), our results deviate from the other three
models. The reason is that the high order vibrational modes of the bubble become
important at the high-frequency end, and thus the other models merely based on the
pulsating mode are no longer valid. Hereafter, we define a critical frequency as the
frequency above which the response of the bubble cannot be represented by the pulsating
mode only with the error tolerance of 10%. For Ry = 10 um, the high order modes are not
negligible above the critical frequency w,; = 6 x 107 (1/s). For Ry = 100 and 1 um cases not
shown here, the derived critical frequencies are w,, = 6 x 10° (1/s) and w,; = 6 x 108 (1/s)
respectively. In later discussions, we will restrict our attention to the frequency regime in
which pulsating mode dominates. Second, the discrepancies between these models also exist
near the resonance for these sizes. Therefore, the calculated natural frequency and damping
constants from these models may differ.

To show the difference near resonant scattering, we present the results in Figure 2. From
these figures, we observe the following features. (1) The results from “Devin” and
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Rayleigh scattering regime

w(s™)

Geometric scattering regime

S
&
8 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10
o™ x 107
Figure 1. Reduced scattering cross-section versus frequency: ——, Exact; +, Prosperetti II; -, Prosperetti [;
—————— , Devin.

“Prosperetti I” are in good agreement with that from “Exact” only for large bubble sizes,
such as Ry = 100 um. For Ry, = 10, 1 um, “Devin” and “Prosperetti I” overestimate the
scattering cross-section by 55 and 5% compared to “Exact” respectively. (2) “Prosperetti
IT” and “Exact” are in good agreement in all these cases.

To search for reasons of the differences between these models, we examine the effective
natural frequency and the thermal damping constant in Figures 3 and 4 separately. In
Figure 3, the plots of the effective natural frequency versus angular frequency are shown for
Ry =100, 10 and 1 um. We notice that the effective natural frequency increases
monotonically with frequency for all these bubble sizes. We show that all the effective
natural frequencies from “Prosperetti 117, “Prosperetti [”, and “Devin” agree fairly well for
the entire frequency range. It is also noticed that the results from “Exact” coincide with that
from these models only for frequencies below the resonance. Differences are only observed
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Resonant scattering regime

1500
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1300 - R, =100 um

oo 1200 F
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a,/ RzU

250 -

200

225 230 235 240 245 250 255 260 265 2770
o(s™) x 10’

Figure 2. Reduced scattering cross-section near resonance: ——, Exact; +, Prosperetti II; -, Prosperetti I;

for the frequencies above the resonance and are prominent for smaller bubble size in these
figures. A reason for the discrepancy is that is their models the gas inertial effect is not
considered. When the effect is taken into account, the assumption that the pressure is
uniform inside the bubble is no longer valid. At high frequencies, there is not enough time
for the air to distribute uniformly inside the bubble. As a result, the actual internal energy of
the air is higher than that assumed in the uniform state, thereby yielding a higher effective
natural frequency than in the uniform assumption. Indeed, we observe that by reducing the
gas density, the curves from “Exact” are getting closer and closer to that of other models.

In Figure 4, the plots of the thermal damping constant versus frequency are exhibited. We
observe the following features. First, the thermal damping constant from “Prosperetti I1” is
in good agreement with that from “Exact” for R, = 100, 10 and 1 ym. Second, “Devin” and
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Figure 3. Effective natural frequency versus frequency: ——, Exact; +, Prosperetti II; -, Prosperetti I; - — — - - -
Devin.

“Prosperetti I” underestimate the thermal damping constant, and the difference becomes
larger for smaller bubble size. We also examine the viscous damping and radiative damping
constants from these models, yielding good agreements. From these comparisons, we arrive
at the following conclusions. (1) The previous three models are no longer valid for higher
frequencies at which the higher order modes in the bubble’s oscillation become dominant.
(2) “Devin” underestimates the scattering cross-section in Rayleigh scattering regime. (3)
These models only agree with each other for large bubble size up to Ry = 100 ym. (4) The
previous three models do not predict the correct thermal damping constant for frequencies
ranging between the resonant frequency and critical frequency.

For practical interest, we now examine the scattering properties at resonance for the
bubble radius ranging from 1 to 100 um. In Figure 5, the plot of the normalized scattering
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Figure 4. Thermal damping constant versus frequency: ——, Exact; +, Prosperetti 1I; -, Prosperetti I;
, Devin.

cross-section at resonance as a function of bubble radius is shown for different models. The
following features are observed. First, only “Prosperetti I” predicts a monotonically
increasing curve, in contrast to the other predictions. Second, “Devin” overestimates the
resonant scattering cross-section (RSCS) for bubbles smaller than 50 um. Third, results
from “Prosperetti II” are in reasonably good agreement with that from “Exact”.

In Figure 6, the thermal damping constant at resonance as a function of bubble radius
is displayed. We notice that the thermal damping constant decreases monotonically with
the bubble radius for all models. “Prosperetti I” overestimates the thermal damping
constant, while “Devin” underestimates that for bubble sizes less than 10 um. Once again,
the thermal damping constant from “Prosperetti II” is in good accordance with the exact
solution.
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Figure 5. Reduced resonant scattering cross-section versus bubble radius: ——, Exact; +, Prosperetti II; -,
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Figure 6. Thermal damping constant at resonance versus bubble radius: ——, Exact; +, Prosperetti II; -,
Prosperetti [; -—--—-— , Devin.
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Figure 7. Resonant frequency versus bubble radius: ——, Exact; +, Prosperetti II; -, Prosperetti I; -——- - - 5

Devin.

In Figure 7, we show the resonant frequency versus bubble radius. It is noticed that the
resonant frequency decreases with the bubble radius for all models. And the results from
these models agree with each other fairly well. From the above discussion at resonance, we
arrive at the following conclusion. First, the previous models can predict the accurate
resonant frequency position for different bubble sizes. Second, “Devin” overestimates the
RSCS and predicts a resonant peak with higher Q (quality factor) for bubble radius smaller
than 50 um. Third, the RSCS predicted by “Prosperetti I” would be underestimated for
bubbles smaller than R, = 15um and overestimated for bubbles larger than that.
Moreover, lower Q peaks are predicted for small bubble size. Fourth, “Prosperetti I1” is in
excellent agreement with out results at resonance.

4. CONCLUSION

In this paper, we first derived an exact solution for sound scattering by an air bubble in
water for all modes. By applying to the cases corresponding to different scattering regimes,
we then compared the acoustic scattering properties with that obtained from Devin’s and
Prosperetti’s approaches. The following remarkable results are drawn. In the Rayleigh
scattering regime, we show that “Devin” will greatly underestimate the scattering
cross-section for bubble sizes considered in this paper while the others show good
agreement with “Exact” quantitatively. In the geometric scattering regime, it was shown
that the previous models are no longer applicable above certain frequencies. For the cases of
bubble radii R, = 100, 10 and 1 um, the critical frequencies are 6 x 10°, 6 x 107, and
6 x 108 (1/s) respectively. In the bubble’s resonant regime, the limitations of previous works
on thermal exchange process which is often masked by polytropic equation of state inside
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the bubble have been shown. The conclusions are drawn as follows. (1) All models predict
the accurate resonant peak position for all the bubble sizes. (2) “Devin” overestimates the
RSCS and predicts a resonant peak with higher Q (quality factor) for bubble radius smaller
than 50 um. (3) The RSCS predicted from “Prosperetti I” would be underestimated for
Ry < 15 um while being overestimated for larger bubbles. (4) “Prosperetti I1” is in excellent
agreement with “Exact” at resonance. In addition, the abnormal thermal exchange process
for a bubble in water for frequencies above resonance is discussed. The fact that the present
exact results match that from “Prosperetti II” not only provides a further justification of
their approach, but also gives us confidence in our approach. The fair agreement shows that
the model “Prosperetti I1” is approximate, yet captures the essence of the physical process in
the valid range of frequencies. The present results can be extended to a wide range of
frequencies and to frequency ranges beyond the applicability of the previous approaches.
From the derivation, it is also clear that the approach presented in this paper is also valid
for any other fluid enclosures in liquids.
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APPENDIX A
X1 = kiRo, X3 = k3R, x3 = k3R, X1 = E1R0, X, = EzRo, X3 = E3R0~

hy=b0 5, =t iﬁ—%, ha= 22 =0,
Po #0 3 %o Ko

A.1. MATRIX ELEMENTS OF T

Ti1 = x:hV (xy), Ti> = x,hV (x,), Ty3 = n(n + 1) (x3),
Tis = — X1 ju(X0), Tis = — X5 ju(X2), Ti6 = —n(n + 1) j,(X3),
Ty, = hiP(xy), T, = hiP(x,), T3 = x3h(" (x3) + AV (x3),

Tr4 = — ju(X1), Ths = — ju(X2), The = — [X3ju(X3) + ju(X3)1,

A A —
T3 = )—B hsnl)(xl), Ts, = o <ﬁ1 > h(l)( 2), T35 =0,

Br — ki
| — k? . L — k3 -
T3, = <[’Z,1 — k%) n(X1), Tss = (gl — k%) n(X2), T36 =0,

b (Bi—R3\ . .
T43 = O, T44 = — i i <ﬁﬁ1 k;)-x’ljn(xl)a
B’ 1 M

—k
(ﬂl 2>X2]n(x2)» Tye =0,

45 = —

By — ki
Tsy = x.hi (x )—1 nn+ 1) + _Ap%5 Y (x, )
51 i X0) =5 2=y | ),
Ts, =x h(l)'(x ) —1 nn+ 1)+ )7’4)%% h(l)(x ),
52 2w (X2) =5 30— ) R

1 ,
T53 = En(n + 1) [h;l)(x_o,) — X3h£,1) (X3)],

Tos = 4"—) [jn(il) Lo ) flj;.ozl)],

(1—7 Roﬂo
%3 —1 2
Tos = g e = it s |

X3 om—Dnn+ H(n+2) .
41 — 4, ®?R3p, "

T56 = - (-)E?a):
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Tsy = hﬁll)(xl) - X1h£,1),(x1), T, = hﬁ,“(xz) - thixz),(xz),

- xljr,l(xl)y

2,53 ,
Tes = [”(” +D)—-1+ 2(1’)—_3@)} hi(x3) — x3hi P (xa),
Toa=0, To5=0, Tee=— m]n(xs)-
m
A.2. MATRIX ELEMENTS OF M
N . g
My = — xyju(x1), My = —ju(x1), M3 = — /l_ﬁjn(xl)a M, =
., 1 2,53 )
Ms = — {x1ju(x1) — 5[”(" +1D+ 2(1p——32)]1"(x1)}’
i
M = — [jn(x1) — X1ju(x1)]-
APPENDIX B

B.1. CALCULATION OF SCATTERING CROSS-SECTION

The scattering cross-section is related with scattering function by

o= fm(ewdfz.

With the aid of the orthogonal relation for Legendre polynomial

1
2
| opswax =5

where x = cos 0, Q is the solid angle, and
O =1, ifn=n,
O =0, ifn#n,

the scattering cross-section in equation (51) is derived.

APPENDIX C

C.1. DEVIN'S MODEL

The natural frequency is given by
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where g, is the gas density, 7, is the gas specific heat ratio, and P, is the equilibrium pressure
in the ambient liquid, and

20 1 260,506 o\172

=1+ (1 =) X=Ro[—2?

b +P0Ro< 3“70b>’ 0( = >

bl 1a (4] [300 =1 sinh X —sinX )
b X coshX —cos X

in which &, is the gas thermal conductivity, C, , is the gas specific heat at constant pressure.
The viscous damping constant is derived as

the acoustic radiation damping constant is given by

2
R
B = wz) 2, (C.3)
Co
and the thermal damping constant is represented as
d o 2

In the above, d/b is given by

— 30— 1) X (sinh X + sin X) — 2(cosh X — cos X)
p oo X2(cosh X — cos X) + 3(jo — )X (sinh X — sin X) |

C.2. PROSPERETTI'S MODELS

Model 1

In this model, the analytical forms for the viscous and radiative damping constants are
identical to that in Devin’s model. The thermal damping constant, however, is given by

B: = 3(pow/po) Im(¢h), (C.5)
the effective polytropic exponent is written as

K = (Jo/3)G1G, Re(¢), (C.6)
and the effective natural frequency is derived as

0§ = 3KPo/poRs — 20/poR3 + (wRo/co)* [1 + (wRo/co)*] ™' (C.7)
with
G, = Mwﬁv,O/’)jORgTOa G, = ﬂ)R(Z)/ﬁv,o;

and

kf(I'y — I't) + ATy — 41y

= My — IaTs) — Jnja(Ts — T2)
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where M is the molecular weight of the gas within the bubble, év’o is the gas specific heat at
constant volume, D~v,0 = ﬁo/ﬁoév,o is the gas thermal diffusivity, R, is the universal gas
constant, T, is the absolute equilibrium temperature of the surrounding liquid, and
k = Ko/Ko 18 the thermal conductivity ratio of the liquid to gas. In the above,

Ii,=1+Gy £ [(i—Gy)?+4iG,/50o]"?,
A2 = Pi.acoth(fy,) — 1,
P12 = G70G2{i — Gy + [(i — G1)* + 4iG1/50]'*})'2,
f=1+1+1)GFG3)"? G;=wR}D,,
where D, o = K0/p0C,.0 1 the thermal diffusivity of the surrounding liquid.

Model 11

In this model, the calculated radiative and viscous damping constants remain unchanged,
while the revised thermal damping constant is given by

L= ijZZR% Im®, (C.8)
and the effective natural frequency is derived as
0} = pOP ;% <Re - %), (C.9)
with
P 370 Yo = Dpo/oR2, (C.10)

1= 3(0 — Dig[li/2,) " coth(i/z,) > — 17"

where 51,’0 = Ro/poC ».0 is the thermal diffusivity of gas at constant pressure.
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